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ABSTRACT
The discovery of unconventional superconductivity at a specific "magic" an-
gle in twisted bilayer graphene (TBG) has stirred a lot of interest in the
scientific community. When two graphene layers are placed on top of each
other with a twist, a moiré pattern emerges. By controlling the period of
the moiré in twisted bilayer graphene, we can tune the properties of TBG.
Specifically, long periods of moiré in bilayer graphene have shown remark-
able electronic properties. However, materials with large moiré periods are
often difficult to study because of the expensive computational framework of
electronic structure. Therefore, we develop a simple computational frame-
work which can predict the corrugated structure of TBG of large periods in
a computationally tractable way. From our density functional theory (DFT)
simulations, we find that the structure of TBG becomes corrugated upon
relaxation due to the change of interlayer distances in different stacking re-
gions. The corrugation increases with decreasing twist angle in the TBG.
Moreover, we also find that the AA region in the TBG shrinks and the AB
region becomes larger at low twist angles (less than 1.5◦). Our framework
is able to capture this phenomenon of shrinking of the AA region and map
the corrugation for low twist angles with precision. With our framework, it
would be possible to map the atomic coordinates of the corrugated structure
of TBG which can help us to study different properties of low twist angle
TBG more accurately. In this way, this framework may open the door to
more tunable exotic properties in twisted bilayer graphene.
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Since the discovery of graphene [1], it has been a source of major interest
for researchers because of its zero band gap [2], tunable nature [3], carrier
mobility [4], and strength [5]. Graphene has shown potential for an enor-
mous array of applications such as transistors [6, 7], electrodes [8], Hall-
effect sensors [9], Magnetic Resonance Imaging (MRI) contrast agent [10],
and bio-sensors [11]. Moreover, the band structure of graphene can be tuned
by adding layers of graphene [3, 12], changing stacking configuration [12],
doping [13] and applying electric [14] and magnetic [15] field. Alongside
graphene, other notable two-dimensional (2D) materials such as hexagonal
boron nitride (hBN), molybdenum disulphide (MoS2), tungsten disulphide
(WS2) have shown remarkable physical phenomena and properties. Because
of the success in tunability of properties by stacking 2D materials, van der
Waals (vdW) heterostructures have attracted considerable attention. vdW
heterostructures are assembled by stacking materials in an orderly manner
[16]. In vdW heterostrutures, there are strong in-plane bonding and weak
vdW interactions between the layers. The nature of the vdW interaction is
dependent on the types of atoms, stacking order, and orientations present
[16, 17, 18].
A typical vdW heterostructure is bilayer graphene formed by placing two
graphene layers on top of each other. Moiré patterns emerge in twisted bilayer
graphene due to the slight mismatch between layers. This mismatch can be
introduced by relative rotation and strain [17]. This type of relative mismatch
forms periodic supercells of bilayer graphene with size varying inversely to
the relative mismatch [19, 20]. In other words, the less the relative mismatch,
the greater the size of the moiré supercell. In each moiré supercell, there is
continuous disregistry between the atoms of two layers which varies among
the three important configuration of twisted bilayer graphene, AA, AB and
saddle-point (SP) stacking. Due to the presence of disregistry, weak vdW
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interaction plays a major role in the atomic structure [19, 20], band structure
[21], and charge density distribution [22].
Twisted bilayer graphene is a type of moiré supercell produced by the rel-
ative rotation between the graphene layer. Recently, Cao et al. [23] have
discovered unconventional superconductivity at a particular twist angle of
1.08◦ in twisted bilayer graphene. Besides, physical phenomena such as flat
band structure [22], the presence of van Hove singularities [24], and the quan-
tum Hall effect [25] make twisted bilayer graphene an interesting candidate
for further study.
By definition, relaxation of a material is obtained by minimizing the en-
ergy of the system. Due to the disregistry in TBG, the graphene layers show
in-plane and out-of-plane deformation upon relaxation [19, 20, 26]. This type
of out-of-plane deformation leads to corrugation in the structure of twisted
bilayer graphene. This type of change in structure leads to changes in the
physical properties of TBG [22, 27]. However, minimization of energy in a
system consisting of thousands of atoms is extremely difficult by computa-
tional approach, especially for density functional theory (DFT) simulations.
DFT provides a rigorous way to map many body problem with electron-
electron interaction to a single body problem. In the DFT approach, a unique
functional of ground state density is obtained by minimizing the energy of
the system [28]. Although DFT reduced the computational complexity of
solving Schrödinger equation for many body problem significantly, the com-
putational cost for DFT still scales approximately by N3 [29] where N is the
number of electrons. Therefore, it becomes very challenging to simulate TBG
of low twist angle using DFT approach. Because the TBG system becomes
larger as the twist angle becomes smaller.
In this thesis, a framework for mapping corrugated structure of twisted
bilyer graphene is presented. Under this framework, the atomic coordinates
for TBG of twist angles (4.4◦-9.4◦) is mapped by a Gaussian distribution
based extrapolation scheme. Using DFT approach, we simulate relaxation
in TBG of twist angles (4.4◦-9.4◦) and we use our framework to map the
atomic coordinates for low twist angles where DFT simulation cost is very
high. With the help of our framework, it is possible to obtain the corrugated
structure of twisted bilayer graphene in a computationally feasible way. This
will help us to carry out exploration of other important properties in low
twist angle TBG and predict those properties more accurately.
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CHAPTER 2
MOIRÉ PATTERN IN GRAPHENE
Graphene is a single layer material composed of carbon atoms arranged in
hexagonal honeycomb structure. Each atom in the graphene structure is co-
valently bonded with three nearest carbon atoms and contributes one electron
to the conduction band. The theory of graphene was first explored in 1947
[30]. Later, scientists discovered that graphite, a 3D conterpart of graphene,
is composed of layers of graphene. However, unambiguous identification of
graphene was not done untill 2004. In 2004, scientists Andre Geim and
Konstantin Novoselov isolated graphene from graphite by the "scotch tape
method" [1] and showed the stability of graphene at ambient conditions.
Since this discovery, the fabrication of graphene has remained an interesting
topic for researchers. Some notable fabrication methods are ultrasonic exfo-
liation [31], electrochemical exfoliation [32], and chemical vapor deposition
(CVD) method [33, 34].
2.1 Structure of Graphene
Geometrically, the hexagonal structure of graphene can be reduced to a tri-
angular lattice with a two-atom basis. The lattice constant of graphene is
2.46 Å, and the bond length is 1.42 Å[35]. In Figure 2.1 (a), the unit cell of
graphene is shown by the parallelogram box and the direction of the lattice
vectors a1 and a2 are also shown. When one graphene layer is placed on top of
another graphene layer, bilayer graphene is formed. In the bilayer graphene,
there are different stacking configuration depending on the position of the
atoms of the one layer relative to the other. Among different stacking, AA,
SP and AB are the key stacking configurations which are shown in Figure
2.1 (b-d). Carbon atoms have four valence electrons and in bilayer graphene,
three of these electrons form SP2 bonds with three in-plane atoms. The re-
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maining electron contributes to out-of-plane vdW interaction with the atoms
of the other layer. In the AA stacking, the carbon atoms are exactly on top
of each other. In AB stacking, one pair of carbon atoms is exactly on top of
each other and the other pair is not, creating coincident and non-coincident
pairs of carbon atoms. Lastly, in SP stacking, no carbon atom is exactly on
top of another. In this case, the bottom layer of bilayer graphene is shifted
by L× cos 30◦, where L is the bond length of the graphene.
Figure 2.1: Atomic structure of (a) monolayer graphene and bilayer graphene
in (b) AA (c) SP and (d) AB stacking. The parallelogram denotes the unit
cell structure and a1, a2 denote the lattice vectors. The top layer and bottom
layer of bilayer graphene are indicated by the red and blue atoms, respec-
tively.
2.2 Stretched and Twisted Bilayer Graphene
By definition, the moiré pattern is the interference pattern produced by
overlaying layers with slight offset. In bilayer graphene, this slight offset
is produced by either stretch or twist, [17] or both. In the stretched bilayer
graphene (SBG), one of the layer is relatively stretched with respect to the
other and in the twisted bilayer graphene (TBG), one of the layers is rotated
relative to the other layer. Consequently, moiré pattern emerges due to the
stretch and the twist. In Figure 2.2 (a), a ball and stick representation of
twisted bilayer graphene of twist angle 2.85◦ [36] is shown where the AA, AB,
BA and SP stacking regions are shaded by different colors to show the moiré
structure. Moreover, two possible moiré superlattice structures (rectangular
and triangular) are shown by rectangular and parallelogram box respectively.
In the triangular supercell, the dislocation vectors ~Bi split into three dislo-
cations ~ai. Similarly, in the rectangular supercell, the dislocations ~Ai splits
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into four dislocations ~ai. These dislocations are partial screw type forming a
periodic network of dislocations connecting the AA domains.
In Figure 2.2 (c), a ball and stick representation of SBG with 5.2% biaxial
strain [36] is demonstrated. One of the key differences between Figure 2.2
(a) and (c) is the 90◦ rotation of the top layer as shown in the inset by AA
region. As a result, the burger vectors are rotated by 90◦, though the network
of dislocations looks similar to that of TBG. In the triangular supercell, two
~Ci dislocations split into three ~di dislocations and in the rectangular supercell,
three ~Di dislocations split into four ~Di dislocations. In this way, it forms a
periodic network of partial edge dislocations.
Figure 2.2: Twist and stretch moiré patterns [36]. (a) Ball and stick repre-
sentation of TBG of twist angle 2.85◦. Triangular and rectangular supercells
are indicated by the boxes. (b) Representation of splitting of full to partial
screw dislocations in twist moiré structures for the triangular and rectan-
gular cells. (b) Ball and stick representation of SBG with biaxial strain of
5.2%. Triangular and rectangular supercells are indicated by the boxes. (b)
Representation of splitting of full to partial edge dislocations in stretch moiré
structures for the triangular and rectangular cells.
2.3 Superlattice Structure of Twisted Bilayer
Graphene
Twisted bilayer graphene is formed by stacking two layers of graphene rel-
atively rotated to each other. In Figure 2.3, the bottom and top layers of
TBG are shown. It is also shown that when the rotated top and bottom layers
are stacked together, a moiré pattern emerges. For this thesis, a rectangular
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supercell of TBG is chosen where the periodicity of TBG is commensurate.
For commensurability, the atoms of the TBG at the corner and at the cen-
ter remain on top of each other, creating AA stacking. This condition of
commensurability is only satisfied for some particular twist angles. At these
twist angles, the TBG produces periodic moiré supercell. For any other twist
angles, it is not possible to satisfy commensurability by replicating bilayer
graphene finitely. In Table 2.1, the number of atoms (Natoms) per unit cell
and moiré period Lcell of the rectangular unit cell is tabulated for some of
these particular angles in commensurate TBG. We can see that the number
of atoms and moiré period increases with decreasing twist angle.
Table 2.1: Number of atoms per unit cell and moiré period of the rectangular
cell of TBG at particular commensurate twist angles.














Any twisted bilayer graphene can be represented by (M, N ) index [22, 27],
where M and N indicate the replication of bilayer graphene along x-direction
and y-direction respectively. The (M, N ) index can be expressed in terms of
twist angle θ, the number of atoms Natoms, and the size of the supercell Lcell
by the following equations,
cos θ =





3(M2 +MN +N2), (2.2)
Natoms = 8(M
2 +MN +N2), (2.3)
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where d is the bond length of graphene.
Figure 2.3: Commensurate twisted bilayer graphene. (a) Bottom layer and
(b) Top layer of twisted bilayer graphene. (c) TBG of twist angle 5.1◦.
Here, the blue and red atoms indicate atoms from the bottom and top layer
respectively. By stacking two relatively rotated layers at twist angle 5.1◦, a
moiré pattern emerges.
Since Lcell is the distance between two neighboring AA regions, it also
denotes the period of the moiré pattern in TBG. When twist angle becomes
smaller, the period Lcell and size of the AA, AB and other stacking region








where, a is the lattice constant of graphene. On the other hand, in the limit






2.4 Structural Relaxation in Twisted Bilayer
Graphene
Relaxation of structures can be defined as an energy minimization problem.
where atoms in the structure take positions to achieve minimum energy of
the system. Among different stackings in bilayer graphene, AB stacking is
the most energetically favorable and AA stacking is the least energetically
favorable [37, 38]. The initial structure of TBG is flat, which implies that
the misfit energy is high. From Figure 2.1, we can see that all the atoms are
perfectly aligned in AA stacking making the π -electrons of the carbon atoms
perfectly aligned too. Therefore, the repulsive force between the graphene
bilayers in case of AA stacking becomes more than that of AB and SP stack-
ing. This also results in the largest interlayer distance between the layers
of bilayer graphene. On the other hand, one pair of atoms are coincident
and the other pair of atoms are non-coincident in AB stacking. This mis-
alignment of the atoms also changes the position of π -electrons which causes
lower repulsive forces that ultimately leads to lowest binding energy in AB
stacking among the three stacking possibilities. Moreover, the interlayer dis-
tance between the layers of AB stacking is also the least [38]. This difference
in energy for different stacking is also preserved in TBG which leads to corru-
gation to minimize the misfit energy of the flat configuration. In Figure 2.4
[22], corrugation in TBG is demonstrated. In TBG, the difference between
the interlayer distance of different stacking region leads to the corrugated
structure of TBG.
Figure 2.4: Corrugation in twisted bilayer graphene [22]. The black and red
arrows indicate the interlayer distance of AA and AB stacking region of TBG
respectively.
Relaxation of the structure changes the atomic coordinates. If the relax-
ation of the system is not taken into account properly, the inaccurate atomic
coordinates may lead to inaccurate analysis of the system. For example, in
Figure 2.5, the band structure of TBG of magic angle 1.08◦ is shown from
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Figure 2.5: Flat band dispersion of TBG of twist angle 1.08◦ in the (a)
unrelaxed and (b) relaxed configuration [27]. The figure shows the difference
in dispersion between relaxed and unrelaxed structure of TBG.
literature [27] for the unrelaxed and relaxed configuration. It is observed
that the flat band has a dispersion of 20 meV at the γ point which is twice
as predicted by the experiment [23]. On the other hand, when the struc-
ture of TBG is relaxed, the flat band dispersion is 12 meV which is closer to
the experimental results. Therefore, for accurate analysis of the properties,
relaxation of structure is very important. Uchida et al. [22] also showed
that the Fermi velocity becomes zero for the TBG of twist angle 1.08◦ in
its relaxed configuration. Zero Fermi velocity implies the presence of flat
band structure. Without relaxation, zero Fermi velocity for TBG remains





Electronic structure theory describes the state of electrons in atoms and
molecules. The behavior of these electrons is governed by Schrödinger equa-
tion of quantum mechanics which is impossible to solve for a system with
more than two electrons. To solve for such systems, different methods in
electronic structure theory such as quantum Monte Carlo method, density
functional theory and tight binding methods are used. These methods are
based on several key approximations including the Born-Oppenheimer Ap-
proximation [28]. Apart from this, there are other approximations that form
the basis of electronic structure theory, enabling us to solve for the elec-
tronic energy of the system, bypassing the complexity of direct solution of
Schrödinger equation. In this chapter, we will discuss approximations of
electronic structure theory and one of the most commonly used electronic
structure methods, called density functional theory (DFT).
3.1 Overview
In quantum mechanics, the Schrödinger equation plays the role of Newton’s
law and conservation of energy in classical mechanics. It is a wave equa-
tion that predicts the state of the electrons analytically in term of the wave
function in a quantum-mechanical system. The most general form of the
Schrödinger equation is as follows-
ĤΨ(R1, R2, ..., RN , r1, r2, ..., rn) = EΨ(R1, R2, ..., RN , r1, r2, ..., rn), (3.1)
where Ĥ is the Hamiltonian operator, Ψ is the wave function, E is energy
of the system, R and r are the coordinates of the nuclei and electrons re-
spectively, and N and n are the number of nuclei and electrons respectively.
However, the Schrödinger equation is a many-body equation which can not
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be solved analytically for a system with more than two particles.
Therefore, to solve a quantum mechanical system, some approximations
from nature are invoked so that we can predict the state of the electrons.
This method of solving the Schrödinger equation by simplifying it with some
approximations is the origin of electronic structure theory. One of the first
assumption is that the Schrödinger equation is non-relativistic, so we consider
the speed of light to be infinite [39]. In electronic structure theory, the time
independent form of the Schrödinger equation is only considered. Here, we
assume that the phase factor of the time dependence is always the same. So,
we solve for the spatial part of the Schrödinger equation. In equation 3.1, the
time independent Schrödinger equation is shown. In this form, the complex
quantum-mechanical problem becomes an eigenvalue problem.
The Born-Oppenheimer approximation [40] is the key approximation of
electronic structure theory. It assumes that the mass of the nucleus is practi-
cally infinite and therefore, it is stationary. But the electrons are lighter and
faster comparable to the nuclei. Therefore, to solve for a quantum mechani-
cal system, we need only to predict the motion of the electrons in a system.
The Born-Oppenheimer approximation allows us to separate the electron and
nuclear wave functions:
Ψ(R1, R2, ..., RN , r1, r2, ..., rn) = Φ(R1, R2, ..., RN)ψ(r1, r2, ..., rn), (3.2)
where, ψ and φ are the electronic and nuclear wave functions respectively.



















where, the first term accounts for the kinetic energy, the second term for
electron-nucleus attraction, the third and fourth for electron-electron and
nucleus-nucleus repulsion respectively.
The other important approximations of electronic structure theory that
the surroundings have negligible effect and 0 K temperature. Even with all
these approximations, the Schrödinger equation leads to several solutions:
ĤΨ = EiΨi, i = 0, 1, 2, .... (3.4)
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All of these solutions are normalized and orthogonal to each other. That
means, < Ψi|Ψj >= δij. But in electronic structure theory, we look for
the ground state energy, and the energy of an approximate wave function
E(Ψ) is always greater than or equal to the ground state energy E0. This
is based on variational principle. This principle allows us to look for the
wave function of the ground state energy. We can assume any function
as the initial trial wave function and look for the minimum energy by an
appropriate computational approach. The tricky part is to take an initial
guess that will lead us to the wave function for the minimum energy in the
least possible time. However, the wrong choice of initial guess may cause
the energy to jump around without converging to a minimum, resulting in a
wrong solution.
Hartree assumed that in addition to nuclei, we can also separate individual
electron wave functions too [41]. So, many electron wave functions will be a
product of one-electron wave functions,
ψ(r1, r2, ..., rn) = ψ(r1)ψ(r2)...ψ(rn). (3.5)
This approximation neglects electron-electron repulsion and simplifies the
Hamiltonian of the Schrödinger equation to a great extent. But it violates
Pauli’s exclusion principle. Another scientist Fock noticed it and fixed it
by expressing the wave function in the form of Slater determinant [42]. So
the Hartree-Fock approximation became one of the basic foundations of the
electronic structure theory and builds the basis for self-consistent field (SCF)
method for solving electronic structure theory problems. In Figure 3.1, the
solution algorithm for SCF method is demonstrated.
3.2 Density Functional Theory
Density Functional Theory (DFT) is one of the versatile methods to solve
an electronic structure problem. In DFT, electronic structure theory is fur-
ther simplified by two Hohenberg–Kohn (HK) theorems [43]. The first HK
theorem states that the ground state energy of the system can be uniquely
defined by the electron density ρ(r). Therefore, instead of finding ground
state energy for N electrons in 3N spatial coordinates, ground state energy
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Figure 3.1: Solution process of self-consistent field method by Hartree-Fock
approximation.
becomes a function of 3 spatial coordinates by the use of functional of elec-
tron density. The second HK theorem states that the ground state energy
functional of the electron density will minimize the total energy of the sys-
tem. This work was further developed in Kohn-Sham (KS) DFT where the
intractable problem of interacting electrons is reduced to a tractable problem








ψi(r) = Eiψi(r), (3.6)





is the electron density of the system. The KS equation yields an exact elec-
tron density and it also yields a set of single electron equations which are
easier to solve than coupled Schrödinger equation. But approximating the
effective potential remains the main challenge for this method. The effective
potential includes an external potential term and Coulomb interaction terms.
The Coulomb interaction term consists of exchange and correlation energy.
The form of exchange-correlation energy is not known and predicting the
accurate or nearly accurate form of exchange-correlation energy functional
remain a crucial challenge of DFT. The two common approximations for
exchange-correlation functionals are local density approximation (LDA) and
generalized gradient approximation (GGA) [45, 46]. However, in different
cases, these approximations still remain insufficient. For example- in case of
bilayer graphene, LDA is found to overestimate the interlayer binding energy
while PBE is found to underestimate it [47, 48]. For this reason, accurate
description of functional is a major topic of research in DFT.
3.3 Challenges of DFT
Though DFT is one of the accurate method to simulate electronic structure
of a system, there are few challenges in this field. One of the main challenges
in DFT is the correct treatment of electron correlation energy [49]. There
are two types of systems: strongly and weakly correlated systems. Systems
with high static correlation energy are called strongly correlated systems and
other systems are called weakly correlated systems. There is an existence the-
orem for an exact exchange-correlation functional. But in practice, we have
to approximate the exchange-correlation functionals, and currently available
functionals are more accurate for weakly correlated systems than for strongly
correlated ones [45, 46].
14
In addition, another important difficulty in DFT is the self-interaction
error. In DFT, the potential field includes the Coulomb potential energy
which is the interaction between the electron and the entire electron density.
However, an electron can not interact with itself. Therefore, this interac-
tion results in an error in DFT. Lastly, an enormous challenge for DFT is
computational speed and accuracy. Researchers are trying to come up with
DFT methods that are faster and accurate [50]. Because even with mod-
ern supercomputers, DFT simulation of systems with more than 1000 atoms
is computationally expensive. For this reason, simulating a twisted bilayer
graphene of smaller twist angle is very difficult since the system becomes
large at low twist angle. Although low twist angle TBG is a promising can-
didate of electronic application for its different electronic properties such
as flat band structure, superconductivity etc., we could not explore its full
potential because of the enormous computational challenge to simulate this
material. In this thesis, we have come up with a framework that can predict
the corrugated structure of TBG of low twist angles so that we can overcome
this barrier of computational challenge and can explore all exotic properties




MAPPING OF TWISTED BILAYER
GRAPHENE
In this thesis, a framework for mapping the atomic coordinates of the cor-
rugated structure of TBG is illustrated. Corrugated structure is obtained
by relaxation of the TBG structure. By definition, relaxation is a process
in which atoms of the structure move to a position that the total energy is
minimized. After relaxation, there is out-of-plane displacement for the atoms
of TBG due to variation of stacking order. This out-of-plane displacement
of atoms results in corrugated structure in TBG. By using DFT, the TBG of
twist angles (4.4◦-9.4◦) are relaxed and their atomic corrugation is mapped
by Gaussian distribution. Then, we use our extrapolation scheme to model
the corrugation for lower twist angles. In this chapter, the DFT simulation
method, corrugation mapping framework, extrapolation scheme and the final
prediction for corrugation are discussed.
4.1 DFT Simulation Method
Density functional theory simulations are carried out using the Vienna Ab
initio Simulation Package (VASP) [51]. The DFT simulations are performed
by using the PBE-TS generalized gradient approximation (GGA) functional
[52, 53] which also takes long range vdW interactions into account. It is
important to take vdW interactions into account because PBE is known
to underestimate the interlayer binding energy of the bilayer graphene while
local density approximation (LDA) overestimates the binding energy [47, 48].
A projected augmented wave (PAW) potential is used with a plane wave basis
set and full relaxation is carried out using a cut-off energy of 400 eV. The
integration in the Brillouin zone is performed by the Monkhorst-Pack method
[54]. The K-points considered are 6 × 6 × 1 for TBG of twist angle 7.3◦, and
9.4◦, 3 × 3 × 1 for 6◦,and 5.1◦ and 1 × 1 × 1 for 4.4◦. Since the simulation
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cell becomes larger when twist angle becomes smaller, the K-mesh points also
decrease with the decrease of twist angle. Lastly, the convergence threshold
for the self-consistent field is set at 10−6 eV.
The length of the simulation cell along the z-axis (perpendicular to the
TBG) is 18.4 Å, introducing vacuum of 15 Å. This is done to exclude the
interactions between the layers and its periodic images. It has been observed
in different studies that vacuum space of 15 Å- 20 Å is sufficient to nullify
all possible interactions from the periodic images and also to carry out full
relaxation of TBG [27, 55].
4.2 Corrugation Mapping Framework
In Figure 4.1 (a), a 2D view of the corrugation of TBG of 5.1◦ twist angle
is demonstrated by the out-of-plane displacement contour plot. In TBG, the
atoms corrugate in such a way that the atoms in AA stacking region are the
farthest apart and the atoms in AB stacking region are the closest to each
other after relaxation. On the other hand, in Figure 4.1 (b), the interlayer
distances of all possible stacking in bilayer graphene unit cell are plotted.
To plot this, the bottom layer of bilayer graphene is moved by a very small
distance along armchair or zigzag direction from AA stacking and relaxation
is performed for each configuration to record the interlayer distance. In this
way, the bottom layer traverse to all possible stacking configuration from AA
to SP to AB stackings. Interestingly, all possible stacking configurations can
be explored in the triangular simulation region as shown in Figure 4.1 (b). To
replicate the simulation region, periodicity and mirror reflections are used in
order to get the full picture. As mentioned earlier, the interlayer distance of
AA stacking of the bilayer graphene is the largest and the interlayer distance
of AB stacking is the smallest among all the stackings. The variation of
interlayer distance for all stackings in bilayer graphene is also continuous.
However, the interlayer distance of the AA and AB stacking region of the
TBG is different from that of the AA and AB stacked bilayer graphene. We
will also demonstrate that the corrugation in TBG increases with the de-
creasing twist angle (referring to Figure 4.4). But the interlayer distance of
AA and AB stacking region of the bilayer graphene sets the limit of the cor-
rugation in TBG as twist angle decreases. Therefore, the interlayer distance
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Figure 4.1: (a) Plot of out-of-plane displacement for atoms of TBG of twist
angle 5.1◦. Out-of-plane displacement for the AA region of the TBG is the
highest while that of AB region is the lowest. (b) Contour plot of interlayer
distance of bilayer graphene unit cell in different stacking. To plot this, the
interlayer distance of bilayer graphene is recorded by moving the bottom layer
along the zigzag and armchair direction. The simulation region is indicated
by the triangle in the plot which covers all the stacking configurations possible
in bilayer graphene. We used periodicity and mirror reflection to replicate the
simulation cell so that we can get the full picture. The AA, AB, BA stackings
are labeled in these Figures. (c) Corrugation in twisted bilayer graphene [22].
dAA,TBG and dAB,TBG indicate the interlayer distance of AA and AB stacking
region of TBG respectively. dAA and dAB indicate the interlayer distance of
AA and AB stacked unit cell of bilayer graphene.
of AA and AB stacking region of TBG can not exceed the interlayer distance
of AA and AB stacked bilayer graphene for any twist angle. In Figure 4.1
(c), the corrugation of TBG is shown [22]. The difference of the interlayer
distance of stacking regions in TBG with the AA and AB stacked bilayer
18
graphene is demonstrated in this figure.
It can also be observed that Figure 4.1 (a) and (b) have similar symmetry.
This indicates that the continuous disregistry in TBG originated from the
twist also features possible stacking configurations in bilayer graphene. This
explains why the corrugation in the TBG is also continuous. This similarity
implies that if we can map the corrugation in TBG for the similar triangular
region, then we can replicate the corrugation map of a TBG for the whole
surface by using periodicity and mirror reflection.
In Figure 4.2 (a), out-of-plane displacement for atoms of TBG of twist
angle 5.1◦ is shown and purple and blue strips connect AA to AB (AA-
AB) stacking and AA to SP (AA-SP) stacking respectively. However, the
objective is to map the triangular region bounded by the AA-AB and AA-
SP lines.
In Figure 4.2 (b,c), the corrugation of the TBG of 4.4◦ and 5.1◦ is shown
by plotting the atomic coordinates of the top layer of TBG along the z-axis
for AA-AB and AA-SP strips. Then, we fit these coordinates by Gaussian
distribution.Among various fitting scheme, Gaussian fitting for the atomic
coordinates of TBG works best. From Figure 4.2 (b,c), we can see that
Gaussian distribution gives a close fit to the corrugation of TBG. The Gaus-
sian fit for AA-AB line and AA-SP line can be described as-
















where, fAB and fSP are the fit for AA-AB and AA-SP lines, d1 and d2 are the
interlayer distance of AB and SP stacking regions of the TBG respectively,
a1 and a2 are the difference between the interlayer distance of AA stacking
region and d1, d2 respectively. σ1 and σ2 are the standard deviation of the
Gaussian fit of AA-AB and AA-SP line. Lastly, µ1 and µ2 are the means
of the Gaussian which are always zero. In short, d1, a1, σ1 are the fitting
parameter for the AA-AB line and d2, a2, σ2 are the fitting parameter for
the AA-SP line.
After fitting the AA-AB and AA-SP line, we need to map the triangular
surface for representing the whole corrugation surface in TBG. Here, the
angle between AA-AB and AA-SP lines is 30◦. To map the triangular region,
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Figure 4.2: (a) Plot of out-of-plane displacement for atoms of TBG of twist
angle 5.1◦. In this figure, the blue strip connects the AA region to SP region
and the purple strip connects AA region to AB region. To get the full picture
of corrugation, we need to map the triangular region bounded by the AA-SP
line and AA-AB line. The black strip, on the other hand, connects SP-AB-
AA region of the TBG at the center. (b,c) Plot of interlayer distance of the
top layer of TBG along the AA-AB and AA-SP for twist angles 4.4◦ and 5.1◦.
The variation of interlayer distance along these lines are fitted by Gaussian
distribution.
we divided the triangular region equally. To fit these dividing lines, we
interpolated in between d1, d2 and σ1, σ2 by the following sinusoidal scheme-










where, φi is the angle between AA-AB line and the series of lines which divide
the triangular region into many smaller regions. The value of φi depends on
the fineness of the data representation for the mapping. By trial and error, we
have found that dividing the triangular region by 15 smaller region produces
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good representation of the corrugation.
Figure 4.3: (Top Panel) plot of out-of-plane displacement for TBG of twist
angle (a) 4.4◦ (b) 5.1◦ (c) 6◦ (d) 7.3◦ obtained by DFT simulation. (Bottom
Panel) plot of out-of-plane displacement for TBG of twist angle (e) 4.4◦ (f)
5.1◦ (g) 6◦ (h) 7.3◦ obtained by corrugation mapping framework. Here, the
number of atoms in the rectangular supercell of TBG for twist angles 4.4◦,
5.1◦, 6◦, and 7.3◦ are 1352, 1016, 728, 488 respectively. Therefore, more
computational time and resources were required to simulate the TBG using
DFT approach when twist angle decreases.
Since we have the interpolated values of the fitting parameters for the series
of dividing lines, we can map the triangular region by the following Gaussian
mapping scheme-








where, fi are the fit for the series of lines. di and σi are obtained from
equations 4.3 and 4.4. ai is the difference between the interlayer distance of
the AA stacking region and di. Lastly, µi is the mean of the Gaussian fit
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which is always zero.
By using the Gaussian mapping scheme, we can produce the corrugation
map for the triangular region of the TBG. Afterwards, we replicate the trian-
gular region by using periodicity and mirror symmetry to get the full surface
of the TBG.
In Figure 4.3, the corrugation of the atoms of TBG for different twist
angles (4.4◦-9.4◦) obtained by DFT calculations are shown in the top panel.
In the bottom panel, the corrugation field for the TBG of the same twist
angles are also shown by applying our corrugation mapping framework. From
Figure 4.3, it can be observed that the corrugation mapping framework can
effectively reproduce the corrugation field obtained by relaxation of TBG of
different twist angles. We can also see that the AA and AB stacking region
becomes larger as twist angle becomes smaller in the twist angle regime of
(4.4◦-9.4◦), as predicted in the literature [22].
Figure 4.4: Plot of variation of interlayer distance along the black strip as
shown in Figure 4.2 (a) for the TBG of various twist angles. This plot
shows a comparison between DFT results and our framework. Along the
horizontal axis of the plot, the y-coordinates of TBG along the black strip
are normalized to the same length.
Moreover, we have also shown the variation of interlayer distances for dif-
ferent twist angle obtained by DFT simulations and our corrugation mapping
framework in Figure 4.4. The interlayer distances are plotted along the black
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strip (SP-AB-AA-BA-SP line) as shown in Figure 4.2 (a). However, the size
of the TBG supercell increases with the decrease of the twist angle. For
convenience, the length of the TBG for different twist angle is normalized
to a reference length. We can see that the corrugation mapping framework
can reproduce the variation of the interlayer distance in the total surface
of the TBG obtained from the DFT calculation. Moreover, it can also be
observed that the corrugation increases with the decrease of the twist an-
gles. In other words, the interlayer distance of AA region increases and AB
region decreases in the TBG when twist angle decreases as also observed in
the literature [22, 56]. The interlayer distance of SP stacking region also
increases with the decrease of the twist angle. From the above analysis, we
can conclude that the corrugation mapping framework is an effective method
to map corrugated atomic coordinates in twisted bilayer graphene. Besides,
it is computationally cheaper than DFT and a simple method which utilizes
Gaussian fitting and interpolation scheme.
4.3 Extrapolation Rule for the Framework
However, our objective is not to reproduce the corrugation for TBG of twist
angles at which DFT calculations can be done with moderate computational
complexity. Our main goal is to learn from the corrugation of TBG of twist
angles (4.4◦-9.4◦) obtained from DFT calculations and map the corrugation
for TBG of lower twist angles. For low twist angle TBG, DFT simulation is
challenging because of large number of atoms in the system. For example,
there are 22328 atoms in the rectangular supercell of TBG of 1.08◦ twist
angle. On the other hand, interesting physical phenomena such as flat band
appearance [23, 57], electronic reconstruction [26, 58], zero Fermi velocity [22]
appear at a twist angle less than 1.5◦ for TBG. Therefore, it is important
to study TBG of low twist angles so that we can understand its physics
in-depth.
To map the corrugation of TBG by using the corrugation mapping frame-
work, we need the fitting parameters d1, a1, σ1 for the AA-AB line and d2,
a2, σ2 for the AA-SP line. Because µ1 and µ2 is zero for all cases. Here, d1,
a1, d2, and a2 depend on the interlayer distance of AA, AB, and SP stacking
regions of TBG. The standard deviations σ1 and σ2 remain as an indepen-
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dent fitting parameter. In Figure 4.5 (a), the standard deviations for twist
angles (4.4◦-9.4◦) are plotted and the values of σ1 and σ2 vary linearly with
the twist angle. Therefore, we use linear extrapolation to obtain the values
of σ1 and σ2 for lower twist angles.
Figure 4.5: (a) Variation of the standard deviation of the Gaussian distri-
bution for AA-AB line (σ1) and AA-SP line (σ2). The standard deviations
are found to vary linearly with the twist angles. (b) Variation of interlayer
distance of AA, AB and SP stacking regions in a TBG. At 0◦, the interlayer
distance for bilayer graphene in AA, AB, and SP stacking configuration is
plotted. The solid lines are obtained by interpolation.
Since the fitting parameters d1, a1, d2, and a2 are functions of the interlayer
distances of AA, AB, and SP stacking regions of TBG, we plot the interlayer
distance of various stacking region of the TBG of twist angles (4.4◦-9.4◦). At
0◦, the interlayer distance of bilayer graphene in AA, AB and SP stackings are
plotted. The interlayer distance of AA and AB stacked bilayer graphene unit
cell set the limit of corrugation for TBG. In order to obtain the interlayer
distance of these stacking regions in a TBG of lower twist angles, a cubic
interpolation method is used. After we predict the interlayer distance of
various stacking regions in TBG, we can also predict the values of d1, a1,
d2, and a2. Here, d1, and d2 are the interlayer distances of AB and SP
stacking regions respectively, a1, and a2 are the differences between interlayer
distances of AA stacking region and d1, d2 respectively.
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4.4 Qualitative Prediction of Corrugation
By using the extrapolation rule, we can obtain the fitting parameters for
low twist angles and we can predict the corrugation by using them in the
corrugation mapping framework. The corrugation for different twist angles
is shown in Figure 4.6 by plotting the out-of-plane displacement. Here, we
have also shown our prediction for corrugation of TBG of 1.05◦.
Figure 4.6: Plot of out-of-plane displacement for TBG of twist angles (a)
1.05◦ (b) 4.4◦ (c) 5.1◦ (d) 6◦ (e) 7.3◦ obtained by the corrugation mapping
framework. Here, the number of atoms in the rectangular supercell of TBG
for twist angles 4.4◦, 5.1◦, 6◦, and 7.3◦ are 1352, 1016, 728, 488 respectively.
Moreover, there are 23,816 atoms in the rectangular unit cell of TBG for twist
angle 1.05◦. Using DFT , simulating 23,816 carbon atoms is not currently
possible.
It can be observed that the pattern of corrugation for TBG of low twist
angles is different from that of high twist angles. The AA region has become
smaller and the AB/BA region has become larger. This phenomenon is
also observed in the literature [19, 20]. In the initial unrelaxed structure of
TBG, the stacking regions also become larger with the size of the TBG. But
AA stacked bilayer graphene is the least stable configuration of all stacking
configurations. Therefore, when the AA region of the TBG grows larger, the
misfit energy of the TBG also becomes larger. Due to relaxation, the misfit
energy is reduced and strain energy increases which causes reduction of the
size of AA region and increase of the size of stable AB region. Due to this
structural reconstruction, clear dislocation lines of SP stacking are formed,
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connecting AA regions. As twist angle becomes smaller, the size of the AA
region and the dislocation lines become smaller compared to the total size of
the TBG. Figure 4.6 demonstrates that our corrugation mapping framework
is able to capture the effect of structural relaxation for low twist angles and





In conclusion, a framework for mapping the corrugated structure of twisted
bilayer graphene has been developed. This framework can predict the corru-
gation for low twist angles at low computational cost. Our DFT simulation
shows that there is a difference in the interlayer distance of AA and AB
stacking regions in TBG. The AA stacking region has the highest interlayer
distance while the AB stacking region has the lowest. This shows a simi-
larity to the interlayer distance of bilayer graphene unit cell in AA and AB
stacking configurations. The region of disregistry in between AA and AB
regions in TBG also shows a gradual change of interlayer distance similar
to the bilayer graphene in different stacking configurations. Therefore, TBG
corrugates upon relaxation which causes out-of-plane displacements for the
atoms relative to the flat configuration. Moreover, the supercell of TBG as
well as its stacking regions become larger with the decrease of twist angles.
However, DFT simulation for low twist angle cases remain computationally
challenging, which is addressed by our framework. From our framework, we
can find the corrugation map of low twist angle TBG. It has been observed
that the AB region grows larger at low twist angle while the AA region
shrinks. On the other hand, the SP region forms clear dislocation lines con-
necting the AA region of the TBG. This is caused by the increasing misfit
energy of the AA region as the AA region becomes larger with the system
size. At low twist angles, this misfit energy is reduced upon relaxation and
strain energy develops in the system, which causes the enlargement of AB
region and shrinking of the AA region. Therefore, we can conclude that our
framework for predicting corrugation can map the physical phenomena in
TBG as well and can capture its effect in predicting atomic corrugation for
low twist angles. With the help of this framework, we can predict the cor-
rugated structure of TBG upon relaxation and this can help us analyze the




There are two avenues we can explore after the completion of this work. One
such avenue will help us to address a gap in this framework, which is in-plane
displacement of the atoms. In this framework, we predicted the corrugated
structure of TBG which is not the total picture of structural relaxation.
The in-plane displacements of atoms for low angle TBG [26] completes the
total picture of relaxation which our framework does not account for. In
addition, the change of the symmetry upon relaxation for low twist angles
may also affect the charge density of the TBG. As a result, the symmetry
of the moiré in the charge density plane changes and shows formation of
triangular AB/BA region separated by SP region. This can be termed as a
charge density reconstruction. Therefore, the other important avenue would
be to study the charge density reconstruction of TBG in the light of moiré
pattern.
6.1 In-plane Displacements at Low Angle TBG
In TBG of low twist angles, the atoms of the AA region tends to move
towards AB region upon relaxation to reduce the misfit energy produced by
the large AA region in the initial structure [19, 20]. Our framework does not
account for the in-plane displacement of the atoms. In Figure 6.1 (a), the
change of twist energy for different moiré wavelength is shown. Here, the





where Etwist is the total energy of the supercell of TBG, EAB is the energy
of the AB bilayer graphene with the same area as the TBG, As is the surface
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area of the TBG. From Figure 6.1 (a), we can see that there is a change of
slope of how twist energy varies with the moiré wavelength. The slope of the
lines (as indicated by blue and red) is higher for the higher moiré wavelength,
i.e. smaller twist angles. When the slope is smaller, the value of the twist
energy is larger. This implies that the TBG needs high energy to introduce a
twist of the atoms in the AA stacking region. So, there is negligible in-plane
displacement of the atoms of AA region upon relaxation for high twist angle
TBG. On the other hand, the twist energy decreases rapidly at twist angles
lower than 1.5◦, corresponding to the moiré wavelength of 77 Å. Thus, there
is higher in-plane displacement of the atoms of AA region as twist angle
becomes smaller. The in-plane displacement of atoms is introduced by the
rotation of the atoms of the AA region so that the area of the AB region is
maximized and that of AA region is minimized. Thus the total energy of the
system is minimized.
Figure 6.1: (a) Plot of twist energy due to the change of moiré wavelength.
The blue and red lines indicate the trend of twist energy for low and high
twist angle regimes. These lines intersect at moiré wavelength of 77 Å, which
corresponds to twist angle 1.5◦. The blue and red lines also demonstrate that
twist energy for low and high twist angles has different slope. (b) Plot of
diffraction peak for unrelaxed and relaxed structure of TBG of twist angles
0.6◦, 1.2◦, and 2.5◦ [19].
In Figure 6.1 (b), the simulated diffraction patterns of TBG are shown
for twist angles 0.6◦, 1.2◦, and 2.5◦ as shown in the literature [19]. The
diffraction pattern for the unrelaxed configurations show that there is a pair
of diffraction peaks in each Bragg spot which is separated by a distance re-
lated inversely with the moiré wavelength. Furthermore, there are layers of
diffraction peaks which indicate first, second and third order moiré. For un-
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relaxed configurations, the diffraction pattern remains unchanged with twist
angle. However, for relaxed configurations, satellite peaks emerge as twist
angle becomes smaller. As twist angle becomes smaller, more satellite peaks
begin to appear. Due to the in-plane displacement at low twist angle regime,
the symmetry of the relaxed configuration of the TBG changes, introducing
the satellite peaks in the diffraction patterns. In our corrugation mapping
framework, we can incorporate the in-plane displacement by taking a Fourier
transformation of the atomic coordinates of corrugated TBG. The Fourier
transformation will show the diffraction pattern and then, we can introduce
the satellite peaks to incorporate in-plane displacement in our framework.
6.2 Charge Density Reconstruction in TBG
Similar to the structural reconstruction, there is a reconstruction in the elec-
tronic structure of the TBG as well [26, 58]. We can develop a method
that can simulate the electronic structure reconstruction by charge density
of the TBG. A moiré pattern also emerges in the charge density of the TBG,
which can be identified by the varying contrast of charge density in different
stacking regions of the TBG.
Figure 6.2: Diffraction pattern of TBG of twist angle 4.4◦ in terms of charge
density.
In Figure 6.2, a diffraction pattern of the TBG of twist angle 4.4◦ is
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shown by Fourier transforming the charge density at a plane 3 Å above the
top layer of TBG. The charge density plot at this plane is representative
of an STM image from the experimental point of view. We can see that
similar diffraction patterns can be seen with the first, second, and third
order moiré diffraction peaks. However, the intensity of the diffraction peaks
for charge density is different from that of the atomic coordinates. At low
twist angle regime, we can expect that the charge density reconstruction may
introduce satellite peaks in the diffraction patterns. But the relation between
the diffraction peaks and the satellite peaks is not known. This remains an
important challenge. If we can predict the diffraction patterns of TBG of low
twist angles including the satellite peaks, we can perform an inverse Fourier
transform operation on the diffraction pattern and can predict the charge
density. This can open a new door to analyzing charge density of TBG in
terms of moiré pattern in a computationally feasible way.
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